I. INTRODUCTION
Research on the dynamics of pulsatile flows through constricted regions has multiple applications in biomedical engineering and medicine. Cardiovascular diseases are the primary cause of death worldwide (accounting for 31% of total deaths in 2012) [1] . More than half of these deaths could have been avoided by prevention and early diagnosis. Atherosclerosis is characterized by the accumulation of fat, cholesterol and other substances in the intima layer, creating plaques which obstruct the arterial lumen. Atherosclerotic plaque fissuring and/or breaking are the major causes of cardiovascular stroke and myocardial infarct. Several factors leading to plaque complications have been reported: sudden increase in luminal pressure [2] , turbulent fluctuations [3] , hemodynamic shear stress [4] , vasa vasorum rupture [5] , material fatigue [6] and stress concentration within a plaque [7] . As most of these factors are flow-dependent, understanding how a pulsatile flow behaves through a narrowed region can provide important insight toward the development of reliable diagnostic tools.
Flow alterations due to arterial obstruction (i.e. stenosis) have been reported in the literature [8] [9] [10] . Simplified models of stenosed arteries have used constricted rigid tubes [11] [12] [13] [14] . At moderate Reynolds numbers, the altered flow splits at the downstream edge of the constriction into a high-velocity jet along the centreline and a vortex shedding zone separating from the inner surface of the tube wall (recirculation flow). Increasing Reynolds numbers lead to a transition pattern and ultimately turbulence.
Several experimental studies have been reported. Stettler and Hussain [15] studied the transition to turbulence of a pulsatile flow in a rigid tube using one-point anemometry.
However, one-point anemometry fails to account for different flow structures which may play an important role at the onset of turbulence. Peacock [16] studied the transition to turbulence in a rigid tube using two-dimensional particle imaging velocimetry (PIV).
Ahmed and Giddens [17, 18] studied the transition to turbulence in a constricted rigid tube with varying degree of constriction using two-component laser Doppler anemometry. For constriction degrees up to 50% of the lumen, the authors found no disturbances at Reynolds instabilities through an axisymmetric geometry was more sensitive to changes in the degree of constriction. The works of Mittal et al. [19] and Sherwin and Blackburn [20] studied the transition to turbulence over a wide range of Reynolds numbers. Mittal et al. used a planar channel with a one-sided semicircular constriction. They found that downstream of the constriction, the flow was composed of two shear layers, one originating at the downstream edge of the constriction and another separating from the opposite wall. For Reynolds numbers above 1000, the authors reported transition to turbulence due to vortex shedding. Moreover, they found through spectral analysis that the characteristic shear layer frequency is associated with the frequency of vortex formation. Sherwin and Blackburn [20] studied the transition to turbulence using a three-dimensional axisymmetric geometry with a sinusoidal constriction. Based on the results of linear stability analysis, the authors reported the occurrence of Kelvin-Helmholtz instability. This reaffirms that instabilities involving vortex shedding take place in the transition to turbulence.
Finally, several studies compared experimental and numerical results. Ling et al. [21] compared numerical results with those obtained by hot-wire measurements. As mentioned above, one-dimensional hot-wire measurements cannot be used to identify flow structures.
Griffith et al. [22] , using a rigid tube with a slightly narrowed section resembling stenosis, compared numerical results with experimental data. Using stability analysis by means of Floquet exponents, they demonstrated that the experimental flow was less stable than that of the simulated model. For low Reynolds numbers (50 − 700), the authors found that a ring of vortices formed immediately downstream of the stenosis and that its propagation velocity changed with the degree of stenosis. The work of Usmani and Muralidhar [23] compares flow patterns in rigid and compliant asymmetric constricted tubes for Reynolds range between 300 and 800 and Womersley between 6 and 8. The authors report that the downstream flow is characterized by a high velocity jet and a vortex whose evolution is qualitatively described. The aforementioned studies highlight the significance of study the vortex dynamics since vortex development precedes turbulence and ultimately, contributes to the risk of a cardiovascular stroke.
The aim of this work is to characterize the vortex dynamics under pulsatile flow in an axisymmetric constricted rigid tube. The study was carried out both experimentally and numerically for different constriction degrees and varying Reynolds number from 953 to 2500 and Womersley number from 15 to 50 which complement the parameters range of the 3 aforementioned studies. These results show that the flow pattern in these systems consists primarily of a central jet and a vortex shedding layer adjacent to the wall (recirculation flow), consistent with the literature. By tracking the vortex trajectory, it was possible to determine the displacement of vortices over their lifetime. The vortex kinematics was described as a function of the system parameters in the form of a dimensionless scaling law for the maximum vortex displacement.
II. METHODS AND MATERIALS

A. Experimental setup
The experimental setup ( Fig. 1 (a) i.e., equal to the inner diameter of the rigid tube, its inner diameter was changed to achieve different degrees of constriction. Tests were carried out using annular constrictions with inner diameters d 0 = 1.6 ± 0.1 cm and d 0 = 1.0 ± 0.1 cm, equivalent to degrees of constriction relative to D of 39% and 61%, respectively. A cross-sectional scheme of the constriction geometry is shown in Fig. 1 (b) , along with the coordinate system used throughout the study. The axial direction is represented by z and the radial direction by r, with z = 0 coinciding with the downstream edge of the constriction and r = 0 with the tube axis.
Finally, this constricted tube (CT) was placed inside a chamber filled with water, so that the refraction index of the fluid inside the tube matched that of the outside fluid.
The tube inlet was connected to the pulsatile pump via a flow development section (FDS), smooth transition from the outlet of the pump. Secondly, an acrylic rigid tube of inner diameter D and length of 48D connected to the constricted tube (CT). The reservoir (R) was used to set the minimum pressure inside the tube, which was set equal to atmospheric pressure in the experiments.
The system was filled with degassed water and seeded with neutrally buoyant polyamide particles (0.13 g/l concentration, 50 µm diameter, DANTEC). DPIV technique was used to acquire the velocity field [24, 25] . A 1 W Nd:YAG laser was used to illuminate a 2 mm−thick section of the tube. Images were acquired at a frame rate of 180 Hz over a period equivalent to 16 cycles, using a CMOS camera (Pixelink, PL-B776F). The velocity field was finally computed using OpenPIV open-source software with 32 × 32 pixel 2 windows and an overlap of 8 pixels in both directions.
The region of interest was defined as −0.5 < r/D < 0.5, 0 < z/D < 1.5. Within this region no turbulence was observed, as confirmed by spectral analysis of the velocity fields. This observation is also consistent with previous observations [16, 21, 26] . Due to the pulsatility and the absence of turbulence, it was possible to consider each cycle as an independent experiment, using the ensemble average over all 16 cycles to obtain the final velocity fields. The pulsatile pump (PP in Fig. 1 (a) ) generated different flow conditions at the tube inlet, [27] . The pumping module consisted of a step-by-step motor driving a piston inside a cylindrical chamber. The control module contained the power supply for all the system and an electronic board, programmable from a remote PC by means of a custom software. The piston motion was programmed using the pump settings for pulsatile period, ejected volume, pressure and cycle shape. The piston motion of the programmable-pump is showed in fig. 2 in normalized units of displacement and time. The inlet condition was defined as normal inflow and taken from experimental data in the upstream region, where the flow is developed. In order to do so, a fourth-order
Fourier decomposition of the experimental flow rate was carried out. Higher-order terms were neglected, as they do not contribute significantly to the shape of velocity profiles. In order to improve numerical stability, the velocity profile calculated by decomposition was multiplied by a ramp function of time increasing steadily from 0 to 1 in 0.6 seconds. The mesh used was a free tetrahedral mesh composed of 351569 elements in total, with an average element quality of 0.6244 and an element volume ratio of 6.358 × 10 −4 . It was built using a COMSOL predefined physics-controlled mesh, enabling the normal element size settings so as to allow the mesh to adapt to the physics at specific regions. The mesh was found to be adequate by comparing results to those obtained in a mesh of 951899 elements.
A cross-sectional view of the tube and the mesh elements is shown in Fig. 4 (c) .
III. RESULTS AND DISCUSSION
A. Flow Pattern
The velocity at the centreline, r = 0, at the downstream edge of the constriction, z = 0, as a function of time (see Fig. 1(c) ) was used to establish the time reference for all the experiments. The decelerating phase (diastolic phase) was defined as 0 < t < 0.5T and the 9 accelerating phase (systolic phase) as 0.5T < t < T . For Re = 1768 (Fig. 5 (c) ), the flow presented the same characteristics as for Re = 953.
Here, the vortex travelled faster during the whole cycle and the recirculation zone was 27%
thicker. This is ascribed to the increment in the peak velocity of the central jet and the consequent increase in shear stress, leading to an enlargement of the recirculation zone and an increase in radial velocity.
At Re = 953 and Re = 1768 two vortices were observed in the region of interest over one pulsatile period, Figs. 5(b) and (c). In the case of Re = 1570 (Fig. 6 (b) ), only one vortex was observed over one period. This difference arise because vortex propagates at lower velocities for lower Re values, then is expected to observe two vortex in the region of interest which were shed in consecutive pulsatile periods. For Re = 1570 at the beginning of the accelerating phase, the central jet decreased in thickness and the recirculation zone has become enlarged to occupy nearly the entire tube section at z/D ≥ 1. This can be attributed to a marked deceleration of the central jet at the start of the accelerating phase. Due to mass conservation, the radial velocity is expected to increase, leading to the enlargement of the recirculation zone. This is also consistent with that reported previously by Sherwin [29] .
At Re = 2150 (Fig. 6 (c) ), the vortex developed and propagated faster than in the previous cases, and a secondary vortex is observed. In the decelerating phase, the vortex reached its maximum size and almost escaped from the region of interest. When the velocity of the central jet at the constriction was near its minimum, the vortex left the region of interest and the rest of the flow became disordered. In the accelerating phase, the vortex developed earlier than at lower Reynolds numbers.
A comparison of Figs. 5 and 6 illustrates how the flow pattern changed with the degree of constriction. While in Fig. 5 the vortex travelled without a substantial change in size, Fig. 6 (b) shows a sharp change in vortex size, measured radially, and Fig. 6 (c) shows that the vortex had nearly entirely dissipated at t = 0.5T . Moreover, due to the reduction in d 0 (Fig. 6 ) the velocity of the central jet was higher, and the recirculation zone became enlarged with increasing z, which explains the increase in vortex size. This is consistent with that reported by Sherwin et al. [20] and Usmani [23] .
The enlargement of the recirculation zone is present through the experiments. This could be explained in terms of circulation as pointed out in the work of Gharib et al. [30] which studies the flow led by a moving piston into an unbounded domain. Such work states that vortex formed up to a limited amount of circulation before it sheds from the layer where is created. The main difference with our work consist on the confinement that the walls impose to the vortex. Giving as result that vortex which sheds with a certain amount of circulation enlarges in the axial direction. This mechanism can also explain the generation of secondary vortex. Specifically, vortex sheds after a precise amount of circulation is reached. Then, any excess of circulation generated goes to a trail of vorticity behind the vortex, eventually identified as secondary vortex.
Finally, experimental and numerical results were compared in order to validate the simulation. Figure 7 shows the evolution of the simulated flow at Re = 953 and Re = 1768.
Comparison of Fig. 7 with 
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B. Vortex Propagation
Vortex propagation was studied by measuring the vortex displacement as a function of time along one pulsatile period. To this end, the study region was constrained to 0.3 < r/D < 0.5 in order to isolate the vortex fraction forming in the superior wall of the tube.
In this region vorticity values of the vortex are positive. For each time frame, the vorticity field was used to extract the vortex position. Then, in each frame, all vorticity values below a threshold of 30% of the maximum vorticity value were disregarded to obtain the filtered vorticity fieldζ(r, z). Then, the vortex position was calculated as (r,z) = (r, z)ζ(r, z).
The vortex propagation was along z and is specified in figs. 5, 6 and 7 by a black dashed line. This aforementioned method enables us to track the vortex and finally to measure the vortex maximum displacement which will be discussed on the next subsections.
C. Numerical results for varying Womersley number
The In other words, z * /D decreased with increasing pulsatile frequency.
D. Scaling law
A full description of vortex displacement was made on previous sections. Specifically, it was studied the maximum displacement of the vortex, that is the distance it travels before it vanishes. Then, we propose a scaling law which summarizes the behavior of z * /D as function of the involved parameters, Re and α. and inversely proportional to the pulsation frequency f (i.e. α 2 ), suggesting that
where K is the proportionality constant. The work of Gharib et al. [30] shows that in the developing process of the vortex, it reaches a threshold of circulation before it sheds. In case an excess of circulation is generated, this Finally, this shows that Eq. 1 can be considered as a scaling law that describes the vortex displacement over its lifetime for any combination of the relevant parameters Re and α on the range studied for this particular shape of constriction. Specifically for the dependence on the constriction shape, preliminary results with a Guassian-shaped constriction were obtained numerically, giving a difference below 20% on the maximun vortex displacement for Re u =1187. We encourage further research regarding the dependence on constriction shape.
IV. CONCLUSIONS
In this work, a pulsatile flow in an axisymmetric constricted geometry was studied exper- 
